We provide a systematic approach to describing the Ramond-Ramond (RR) fields as elements in twisted differential K-theory. This builds on a series of constructions by the authors on geometric and computational aspects of twisted differential K-theory, which to a large extent were originally motivated by this problem. In addition to providing a new conceptual framework and a mathematically solid setting, this allows us to uncover interesting and novel effects. Explicitly, we use our recently constructed Atiyah-Hirzebruch spectral sequence (AHSS) for twisted differential K-theory to characterize the RR fields and their quantization, which involves interesting interplay between geometric and topological data. We illustrate this with the examples of spheres, tori, and Calabi-Yau threefolds.
Introduction
The goal of this paper is to combine proposals about the Ramond-Ramond (RR) fields in type II string theory, going back to [MW00] [FH00], with new geometric and topological insights associated with twists and differential refinements. This leads to a hierarchy of descriptions of these fields and culminating with one in twisted differential K-theory, putting on firm ground speculations in the literature and uncovering new effects. This crucially uses the series of constructions by the authors [GS17a] [GS17b][GS18a] [GS18b] [GS19a] [GS19b] , which to a large extent were originally motivated by this problem. In some sense then, this is the main application of the above works. The readers interested in the general mathematical theorems are encouraged to consult the above papers, while here we mainly focus on those results that are used in the particular physics problem at hand.
The RR fields originate as follows. Introducing fermions into the bosonic string requires considering boundary conditions for these fermions. Imposing the periodic boundary conditions on the circle, also known as the Ramond boundary conditions, leads to the Ramond-Ramond sector, which includes other fields in addition to the spinors [Ra71] . Among these are the Ramond-Ramond (RR) fields, which are a priori differential form fields in the 10-dimensional spacetime of type II supergravity theories, the latter viewed essentially as the classical limits of type II string theory.
Aside from arising in the spectrum, what is the nature of a Ramond-Ramond field? One can actually ask a more basic question: What is a form field in physics? The question might have multiple answers even when referring to the same field. That is, the mathematical description of the field might depend on which aspects of the field one is trying to capture. As in the approach in [Fr00] [Fr02] [Sa10] , one thematically and schematically has the following picture RR as Differential form ❀ RR in de Rham cohomology ❀ RR in integral cohomology ❀ RR in generalized cohomology As we will see this picture also requires further refinements, including adding periodicity, adding a twist as well as adding the data of a connection. On the conceptual side, part of this paper hence also proposes one way of how to approach answering the above question. Thus, in addition the firm mathematical grounding, we hope to also provide an approach that helps in the conceptual understanding of the problem.
To start, the spectrum of supergravity a priori provides potentials of degrees less than half the dimension of the space. However, in a democratic formulation [To95] one would like to have all the RR potentials, while the other half is supplied by a form of Hodge duality. A doubled formalism in which a Hodge dual potential is introduced for each bosonic form field is given in [CJLP98] , where the equations of motion can then be formulated as a twisted self-duality condition on the total field strength. Duality-symmetric action for type IIA is given in [BNS04] , with the corresponding duality relations deduced directly from the action. A generalized form of IIA/IIB supergravity depending on all RR potentials C p , p " 0, 1, ..., 9, as the effective field theory of Type IIA/IIB superstring theory [BKORvP01] .
The RR field strength at the level of supergravity is then an m-form G m P Ω m pX 10 q. The collection of these further occur as even degree forms in type IIA and odd degrees in type IIB, up to dimension 10. This periodicity or grading can be taken into account. As explained in [Fr02] , one introduces the electromagnetic duals of the supergravity fields and forms the inhomogeneous RR field strengths
G 0`G2`G4`G6`G8`G10 , Type IIA, G 1`G3`G5`G7`G9 , Type IIB, (
where G m is a differential form of degree m. Classically, these satisfy appropriate Hodge duality relations.
Extracting gauge equivalence classes leads to a description via de Rham cohomology, that is RR field " tG P Ω ‚ pX 10 qu{tG " dCu P H ‚ dR pX 10 q.
(1.2) Furthermore, taking into account quantum effects, including Dirac quantization, leads to a description via integral cohomology. However, as explained in [MW00] this only works for low degrees and under special conditions. Nevertheless taking this further and requiring the tangent bundle and the gauge bundle to satisfy some congruences, as explained in [Sa11] , we have that these restricted RR fields are integral cohomology classes. Taking periodicity and/or twists into account these would be periodic and/or twisted integral cohomology classes in the sense of [GS18b] [GS19b] . Differentially refining this setting means that we are taking these restricted fields and describing them using twisted periodic differential integral cohomology, one prominent description of which is via twisted periodic Deligne cohomology, constructed in [GS18b] [GS19b].
Taking into account anomalies and properly accounting for torsion leads to RR fields and fluxes being quantized by K-theory [FH00] [MW00] . Retaining periodicity via the inverse Bott element u P K 2 pptq, these can be defined to be homogeneous elements (as in [Fr02] )
G " " G 0`u´1 G 2`u´2 G 4`u´3 G 6`u´4 G 8`u´5 G 10 , Type IIA; u´1G 1`u´2 G 3`u´3 G 5`u´4 G 7`u´5 G 9 , Type IIB.
(1. 3) This element is of degree 0 for IIA and -1 in IIB. For a K-theory class x, the resulting quantization on a 10-dimensional manifold X takes the form [MW00] [FH00]
Gpxq " chpxq
where b p ApXq is the formal square root of the p A-genus expansion in terms of the Pontrjagin classes, and ch : K˚pXq Ñ H˚pXq is the Chern character, mapping K 0 to even degree cohomology and K 1 to odd degree cohomology of X.
Considering a background field or flux changes the system and can be defined at more than one level. At the classical level, the fields are just given by differential forms, so a background field is a closed 3-form H which leads to modifications of the field equations. More precisely, in the presence of a B-field or H-flux, the fields satisfy the twisted Bianchi identity, which combines what traditionally would be called an equation of motion and a Bianchi identity, at the level of forms 1 dF n`H3^Fn´2 " 0 .
Using the total field description, this has been written succinctly as Hd R pX; Hq :" kerpd H q{impd H q. 1 In the presence of a B-field we will denote the (rational) RR fields by F . These are the improved field strengths which are neither closed nor quantized, but are twisted closed.
When looking at the fields in the presence of a background H-flux, one needs to extend to twisted setting, that is, RR fields are classified by twisted K-theory. The quantization condition for the case of a twist which is zero in cohomology is [MoS03] Gpxq " e Twisted K-theory consistently matches the reduction from M-theory (see [DMW03] [MS04]) and can even be derived from M-theory at the rational level (see [FSS18] for the truncated case and [BMSS18] for the full case) and beyond the rational level [BMSS19] . However, incorporating S-duality in type IIB string theory remains a challenge [DMW03] 
Physical considerations generally require one to work with geometric representatives of cohomology classes, in the form of differential cohomology (see [Fr00] 
for motivations and surveys). As our viewpoint involves a hierarchy of descriptions, we start with differential integral cohomology. This is most succinctly described with the "differential cohomology
where d is the de Rham differential, R is the curvature map, I is the forgetful map, r is the rationalization, and β is the Beckstein associated with the exponential coefficient sequence. The corresponding description of various facets of the RR fields are then captured as
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An abelian field represented by a differential K-theory class F P p K˚pXq contains the differential form information RpF q. The latter satisfies dRpF q " 0 in the absence of D-brane sources, which is what we are assuming here. The de Rham class represented by RpF q is quantized to lie in an integral lattice given by the image of the Chern character, as F also contains the integral (and possibly torsion) information of the class IpF q P K˚pXq. Note that IpF q and RpF q together do not determine F entirely, as one needs to supply the extra information, corresponding to a potential with corresponding gauge transformations.
Differential K-theory as the home for RR fields without H-field has been advocated in [FH00] [Fr00] [Fr02] . The need for twisted differential K-theory for description of the fields in string with an Hfield has been highlighted in [Fr00] BN14] , culminating most concretely for our purposes in [GS19a] . In fact, one of the original motivations for constructing the latter as the last in a series of papers was to generally provide a proper receptacle for the RR fields in the presence of twisting NS fields. The theory sits in the following diagram
What is needed to fully describe RR fields explicitly? The general approach emphasized in [KS04] is to view physical conditions as obstructions to orientation, or as differentials in the AtiyahHirzebruch spectral sequence (AHSS), extending even beyond K-theory. In that direction, our work establishes in the series [GS17a] GS19b] that the AHSS can be extended to the differential refinements, that is, we can refine the AHSS for an untwisted or twisted topological theory E, such as K-theory, by appropriately adjoining geometric data to it. With our explicit descriptions of the differentials in the AHSS for twisted differential K-theory, we are able to make such a general description manifest and precise, supplying the missing ingredients that lead to a more complete picture than was previously possible.
In the above works we established the differential refinement of the following ingredients which enter into the picture. Note that the differentials in the untwisted AHSS are primary operations, and the ones in the twisted theory are secondary operations [AS06] .
1. Differential refinement of primary cohomology operations: Steenrod squares Sq.
2. Differential refinement of secondary cohomology operations: Massey products x¨,¨,¨¨¨y Massey .
3. Differential refinement of the AHSS with a concrete identification of the differentials, such that we have the following diagram for the differentials
Note that, as explained in our work above, differentially refining twisted K-theory is equivalent to twisting differentially refined K-theory, i.e., 'rtwisted, differentials " 0'.
The AHSS for twisted differential K-theory [GS19a] will be denoted by { AHSSτ , whereτ is a representative of a differential cohomology class, i.e. a higher bundle with connection. When this twisting class is zero in differential cohomology, we recover the AHSS for differential K-theory [GS17b] , which we denote { AHSS. On the other hand, if we forget the differential refinement and reduce the theory to its underlying topological content then we recover the AHSS for twisted K-theory constructed by Rosenberg and Atiyah-Segal [Ro89] [AS06], which we denote AHSS τ . When we take both a trivial twist and no differential refinement, then we restrict to the original case considered by Atiyah and Hirzebruch [AH62] . As explained in [GS19a] , we overall have a correspondence diagram of transformations of the corresponding spectral sequences
where τ is the twist and I is the reduction to the topological part.
From a physics perspective, it is important to determine when a cohomology class x P H i pM ; Zq lifts to a class αpxq in K-theory KpM q (see [DMW03] ). The obstruction is given by the differential d " Sq 3 in the AHSS, i.e., it is a necessary condition that Sq 3 x " 0. Likewise, for twisted Ktheory, the obstruction is Sq 3 x`H Y x " 0, which is again the differential in the AHSS H (see [DMW03] [ES06] [BEJMS05] ). We would like to extend this to the twisted differential case.
A similar argument holds from the homological point of view of branes ending on other branes [MMS01] [BEJMS05] . Anomalies associated with D-branes in the presence of a B-field have been considered in [FW99] . This involves three factors, the holonomy of the B-field over the 2-dimensional string worldsheet, the holonomy of the Chan-Paton bundle along the boundary of the string, and the Pafaffian associated with the path integral of the spinors. None of these factors are globally well-defined, leading to a description of the partition function as a section of a tensor product of three line bundles. The nontriviality of the resulting line bundle is the Freed-Witten anomaly and the necessary condition for the anomaly to vanish is the Freed-Witten anomaly cancellation condition W 3`H3 " 0. This has been generalized to the case when the two classes differ by a torsion class [Ka99] , studied from the point of view of gerbes in [CJM04] [BFS08], interpreted as a pushforward in twisted K-theory in [CW08] [ABG10], and described via higher geometric quantization and smooth stacks in [FSS15a] . What we would like to establish is the following: 1. A differential analogue of the Freed-Witten condition [FW99] , i.e.,
2. An interpretation as a differential in twisted differential K-theory { AHSSτ .
Sufficiency in the presence of branes, involving Steenrod power operations at odd primes in the context of Steenrod's problem on realization of homology classes as submanifolds is discussed in [ES06] .
We are also interested in finding a twisted differential version of the quantization condition (1.4) on the RR fields. Earlier attempts include the following. Using the language of differential characters, in [BM06a] a version of the twisted differential Chern character was proposed witĥ Gpxq " b p ApX, ∇ g qchBpxq, where ∇ g is the metric connection andB is a flat character. It was also speculated in [KM13] that the quantization condition for the RR fields in differential K-theory takes the form (at the level of differential forms) would beĜpxq " b p ApXqchpxq, forx P p KpXq while in the twisted case, the only effect of the B-field was to modify the connection entering in the form representative of the A-genus (which is argued why it is not modified). We will define the proper expression and make good mathematical sense of the quantity
as a differential cohomology class, where Y DB is the Deligne-Beilinson cup product, which is in a sense an extension of the cup product to differential cohomology (see [FSS13] [FSS15a]). This involves, for every U p1q-gerbe with connectionĥ : X Ñ B 2 U p1q ∇ , a generally defined twisted differential Chern character
The source of the of the character is twisted differential K-theory and the target is a differential refinement of twisted periodic rational cohomology, i.e., considering rational cohomology rolled up into even and odd degrees. For general twisting classes, making sense of the map (1.8) is highly nontrivial. In the special case where the twist is torsion, one can make good sense of the twisted differential Chern character via concrete models (see [CMW09] [Pa18]). In the general case this has only been put on firm ground recently (see [BN14] [GS19a]). The quantity (1.7) also involves a differential refinement of theÂ-genus, which we have addressed in detail in [GS19c] .
Note that, as indicated right after (1.2) above, in specialized settings (e.g. those orientifolds where K-theoretic effects might not be seen) one might consider, for instance, integral cohomology. This then leads to twisted integral cohomology with twist given as a mod 2 degree one class, as constructed in [GS18b] . Here one again tries to lift to twisted de Rham cohomology, obtained by those RR fields that are d H -closed modulo d H -exact, twisting (1.2).
Mathematical description
Physical setting 1-twisted integral cohomology
Orientifold fields 1-twisted Deligne cohomology Differential orientifold fields Alternatively, we can also consider a higher-degree twist (including three) for a periodic version of Deligne cohomology [GS19b] , which can be viewed as a twisted extension of approaches via differential cohomology or differential characters (see e.g. [BM06a] However, we will leave this for a separate discussion and focus here on K-theory.
The paper is organized as follows. We describe the general setting of twisted differential Ktheory as the receptacle for the RR fields in Sec. 2, recalling constructions and results from earlier work. We start with differential K-theory in Sec. 2.1 and then twisted K-theory in Sec. 2.2, combining the two into twisted differential K-theory in Sec. 2.3, with the main highlight being the twisted differential Chern character and the refinement of the p A-genus. This then leads to a justification of why (1.7) is the right definition. In Sec. 3 we study the lifting of RR differential forms to twisted differential K-theory, with the main tool being the twisted differential AHSS. This involves determining explicitly in Sec. 3.1 the torsion differentials and identifying obstructions associated to both flat classes and curvature forms. The detailed analysis leads to shifted quantization conditions on the fields with the highlight being an explicit and detailed algorithm for characterizing and detecting RR fields.
Moving to the twisted case in Sec. 3.2, we describe the dynamics of the twisted RR fields via Massey products, also finding the higher potentials for the Massey products themselves. We then identify the higher differentials in the { AHSS τ via the the differentially refined Massey products from our earlier work, and determine conditions for lifting flat classes to twisted differential K-theory. Then we consider the anomalies in Sec. 3.3, where we provide our refinement of the Freed-Witten anomaly. Finally, in the last section, Sec. 4, we illustrate the description of RR fields in nontrivial backgrounds by calculating the twisted differential K-theory for prominent examples of importance to type II string theory, namely spheres in Sec. 4.1, tori in Sec. 4.2, and Calabi-Yau threefolds CY 3 and to some extent compact 6-dimensional manifolds in Sec. 4.3. The latter generalizes and extends results of Doran and Morgan [DM07] who computed the topological K-theory of such manifolds.
RR fields as twisted differential K-theory classes

Differential K-theory
In this section, we review the Hopkins-Singer type differential K-theory [HS05] , presented as a sheaf of spectra [BNV16] [Sc13] . The material in this section is well-known to the experts; nevertheless, because the machinery is highly technical, we have decided to review the construction briefly here. For the reader who is not interested in these technicalities, this section can be safely skipped.
We consider topological (smooth) spaces as modeled using (smooth) infinity groupoids, i.e., as objects in 8Gpd. Let CMonp8Gpdq denote the sub 8-category of commutative monoids in 8Gpd, and let CGrpp8Gpdq be the subcategory of 8-abelian groups (i.e. connected spectra). The inclusion i : CGrpp8Gpdq ãÑ CMonp8Gpdq admits a left adjoint K which can be thought of as taking the group completion. The functor K prolongs to a functor between presheaves of 8-monoids and 8-abelian groups.
Definition 1 (Smooth K-theory spectrum). Let L : PSh 8 pMan; Spq Ñ Sh 8 pMan; Spq denote the stackification functor (left adjoint to the inclusion i). We define the smooth KU-spectrum with connections as the connected sheaf of spectra defined by
Remark 1 (Vector bundles with connections). Note that it is immediate from the definition (see [GS19c] for the real case) that we have a natural isomorphism
where Vect g ∇ pM q is the category of vector complex vector bundles with Hermitian metric connections (with isomorphisms between them) and Gr denotes the Grothendieck group completion.
The construction of the Hopkins-Singer refinement of the K-theory spectrum proceeds by applying the cohesive 8-adjoints pδ : $ Γ $ δ $ Πq as introduced in [Sc13] to the sheaf of spectra kU ∇ . The topological realization 3 δΠ induces a morphism of sheaves of spectra (see [BNV16] ) cyc :" δΠ : kU ∇ » kU ÝÑ KU.
(2.1)
We will need the following ingredients: (i) The Eilenberg-MacLane functor H : Ch ÝÑ Sp, which sends an unbounded chain complex to a corresponding spectrum. (ii) Let Ω˚p´; π˚pKqq be the complex of forms with coefficients in π˚pKq. Explicitly, by rationalizing the coefficients of K, this complex is 2-periodic and looks as follows Ω˚p´; π˚pKqq "`. . .
where the first nonzero component appears in degree zero. (iv) The Chern character form gives a morphism of smooth stacks (preserving the monoidal structure) ch :
Since Ω 0 p´; π˚pKqq is already a sheaf of abelian groups, we have KpΩ 0 p´; π˚pK" HpΩ 0 p´; π˚pKqqq. Postcomposing with the canonical map i˚: HpΩ 0 p´; π˚pKÑ Hpτ ď0 Ω˚p´; π˚pKqqq, induced by the inclusion i : Ω 0 p´; π˚pKqq ãÑ τ ď0 Ω˚p´; π˚pKqq, we get an induced map on completions ch :
Geometrically (more properly, topologically) realizing this map and using (2.1) gives rise to a map r ch : K / / HpRru, u´1sq,, where u is the Bott periodicity element of degree |u| " 2.
Definition 2 (Hopkins-Singer differential K-theory).
(i) The differential K-theory spectrum is defined via the pullback in sheaves of spectra
This pullback depends on the map r ch and the graded ring π˚pKq. We fix this data once and for all and denote the sheaf of spectra simply as
(ii) The differential K-spectrum refining higher degree K-groups is given by the pullback
where Σ n denotes the n-fold suspension and π˚pKqrns denotes the shift of the complex π˚pKq up n-units. Again we fix this data once and for all and define 4
One has the following properties, as for any differential cohomology theory.
Remark 2 (Basic properties of p K).
(i) (Diamond) From [BNV16, Lemma 6.8], we see that the differential cohomology hexagon diagram takes the following form
which related differential K-theory to the underlying topological theory and differential form representatives for the rationalization.
(ii) (Coefficients) Both diagonals in the diagram are exact and the bottom sequence is exact -induced from the cofiber/fiber sequence
where SR and SU p1q are Moore spectra for R and U p1q, respectively. These correspond to the cohomology theories with coefficients, namely K˚p´q, K˚p´; Rq, and K˚p´; U p1qq, respectively.
(iii) (Mayer-Vietoris) Again applying the general construction of [BNV16] to our case, if M a smooth manifold and tU, V u an open cover, we also have a Mayer-Vietoris sequencë¨¨/
The topological twisted K-theory
For any commutative ring spectrum R, there is a well-defined topological space of invertible module spectra PicpRq. Heuristically, the elements are invertible module spectra over R and the paths are equivalences of module spectra, etc. More precisely, this is defined as the maximal 8-groupoid inside the full sub 8-category of RMod on invertible objects. This space is related to the space of twists BGL 1 pRq considered in [MQRT77] by
Hence the connected component of the identity is equivalent to BGL 1 pRq. This perspective on the twists for a cohomology theory is essentially the 8-categorical treatment taken in [ABGHR14] . In general, a twist of a ring spectrum R, over a space X, is simply a map h : X Ñ PicpRq. This twist can be thought of in two dual ways: it defines a higher-categorical local system, given by associating to each point x P X an invertible module spectrum R x , and to each path an equivalence between two such spectra, etc.; alternatively, the 8-Grothendieck construction [Lu09, Section 3.2] (see [GS19c] for the construction in the stable case) allows us to construct a canonical bundle of spectra ξ Ñ PicpRq, the fiber over an element being given by the invertible module represented by that element. The pullback bundle by a twist
has fibers canonically identified with the spectrum R x , which h associated to the point x. This generalizes the classical duality between local systems and covering spaces.
The 8-categorical machinery described above is quite powerful and can be generalized to differential cohomology theories in a fairly natural way [BN14] [GS19c]. We first illustrate how to utilize this machinery in order to construct the twisted Chern character and then generalize to the differential setting. The relevant spectra we will need in order to discuss the twisted Chern character are the K-theory spectrum and a periodic spectrum generalizing rational cohomology. The latter spectrum is constructed as follows. Let Qru, u´1s be the graded algebra with u in degree 2. For every such algebra there is an associated Eilenberg-MacLane spectrum HQru, u´1s. This spectrum represents cohomology with coefficients in Qru, u´1s and we have an isomorphism of groups
Algebraically, the elements of H˚pX; Qru, u´1sq are polynomials in u with coefficients in H˚pX; Qq, graded according to the parity of the coefficients. Since Qru, u´1s admits the structure of a graded ring, HQru, u´1s admits the structure of a ring spectrum. The K-theory spectrum K also admits a commutative ring structure [MQRT77] (see also [Sch19] ) and the usual Chern character map ch : K ÝÑ HQru, u´1s
defines a map of ring spectra, which rationalizes to an equivalence. The following proposition shows how to produce the twisted Chern character using the machinery of [ABGHR14] .
Proposition 3 (Twisted Chern character). Let X be a CW-complex and let h : X Ñ KpZ, 3q be a twist for K-theory. Let K h Ñ X and HQru, u´1s h Ñ X be the bundles of spectra representing h-twisted K-theory and rational cohomology (twisted by the post-composition of h with the canonical map KpZ, 3q Ñ KpQ, 3q). There is a morphism of bundles of spectra
inducing a twisted Chern character map ch h : K h pXq Ñ H h pX; Qq, which reduces to the untwisted Chern character when h is trivial.
Proof. We will construct this map universally. The morphism of ring spectra ch : K Ñ HQru, u´1s induces an 8-functor on the 8-category of modules via ch : L Þ Ñ L^K HQru, u´1s, where L is an invertible module spectrum over K. It is easy to show that this functor preserves the property of invertibility and sends equivalences to equivalences. Thus, we have an induced map ch : PicpKq ÝÑ PicpHQru, u´1sq.
But such a map canonically induces a morphism of the corresponding universal bundles of spectra (see (2.4))
i.e., ch restricts fiberwise to the map ch described above. Given a twist h : X Ñ PicpKq, the universal property of the pullback induces a map on corresponding pullback bundles
In addition, it immediately follows from the construction that this reduces to the usual Chern character (up to equivalence) for a nullhomotopic twist h : X Ñ˚Ñ PicpKq, where the second map in the composite picks out K, which is trivially a module over itself. Thus it only remains to show that for a twist of the form h : X Ñ KpZ, 3q ãÑ BGL 1 pKq ãÑ PicpKq, the induced twist h˚ch factors through the rationalization KpZ, 3q Ñ KpQ, 3q ãÑ BGL 1 pHQru, u´1sq. This can be shown, for example, using Snaith's theorem, which identifies KpZ, 2q in K with the localization of Σ 8 KpZ, 2q at the Bott element [Sn81] . Under this presentation of K, the Chern character can be identified with the localization of the rationalization map Σ 8 KpZ, 2q Ñ Σ 8 KpQ, 2q. ✷
The Chern character for twisted K-theory has also been considered via explicit models in various places, including [BCMMS02] [MS02][HM15] (see [GS19a] for an extensive list of references).
2.3
The differential twisted K-theory
We now enhance the previous discussion to twisted differential K-theory. Following [BN14] , and discussed more at-length in [GS19c] , we observe that much of the machinery of [ABGHR14] can be extended to the setting of differential ring spectra. For a differential refinement p R " pR, ch, Aq of a ring spectrum R, equipped with an equivalence ch : R^HR » HA, the smooth stack of twists y Twp p Rq is defined as the (homotopy) pullback
where Pic fl pΩ˚p´; Aqq represents the twists of the de Rham complex with coefficients in A (i.e. invertible K-flat modules over Ω˚p´; Aq), PicpRq is the locally constant stacks on the corresponding Picard infinity groupoid and PicpHΩ˚p´; Aqq is the stack of locally constant invertible modules over the sheaf of spectra HΩ˚p´; Aq. These ingredients are described in detail in [BN14] and [GS19c] .
The case of K-theory is particularly illuminating here. In [GS19c] , we showed that differential K-theory can indeed be twisted by gerbes with connection. In fact, there is a canonical map
where y Twp p Kq is the smooth stack of twists for differential K-theory. This map is roughly defined as follows (see [GS19c] for details). We recall that the stack of gerbes with connections B 2 U p1q ∇ fits into a homotopy pullback (see for example [Sc13, Section 4.4.15])
Comparing this with the pullback (2.5), we see that we can get an induced map by via the universal property, provided we produce maps and homotopies between the corresponding span diagrams.
On each manifold M , the underlying topological twist is defined by h : M Ñ B 3 Z » KpZ, 3q, where KpZ, 3q is the locally constant stack associated to the KpZ, 3q. This twist is regarded as the twist for topological K-theory, the 3-form curvature H P Ω 3 cl pM q is mapped to the twisted de Rham complex pΩ˚ru, u´1s, d H q on M , and the homotopy filling the diagram is sent to a twisted de Rham equivalence
The universal property of the homotopy pullback then induces a map (2.6). In order to define the twisted differential Chern character, we proceed very much along the lines of the topological case. For the sake of completeness, we provide a sketch of the proof of this construction here. A more detailed account can be found in [GS19c] .
Proposition 4 (Twisted differential Chern character). Let X be a smooth manifold and letĥ : X Ñ B 2 U p1q ∇ be a twist for differential K-theory. Let p Kĥ Ñ X and y HQru, u´1sĥ Ñ X be the bundles of sheaves of spectra representingĥ-twisted differential K-theory and rational differential cohomology (twisted by post-composition with the canonical map
There is a morphism of bundles of sheaves of spectra p chĥ : p Kĥ ÝÑ y HQru, u´1sĥ
inducing a twisted differential Chern character map p chĥ : p KĥpXq Ñ p HĥpX; Qru, u´1sq, which locally restricts to the untwisted differential Chern character.
Proof. We again proceed by constructing this map universally. The differential Chern character map p ch : p K Ñ y HQru, u´1s defines a morphism of differential ring spectra (see [BN14] or [GS19c] for the details of differential ring spectra) and hence induces a morphism on the corresponding stack of twists. From the 8-Grothendieck construction, this in turn canonically defines a morphism of bundles of sheaves of spectra [GS19c] 
where the bundles ξ and η are the canonical bundles with fiber over an element given by the differential function spectra represented by that element. It can be directly verified, using the fact that such a factorization exists in the topological case, that precomposition with the map i : B 2 U p1q ∇ Ñ y Twp p Kq factors through a map j : B 2 R{Q ∇ Ñ y Twp y HQru, u´1sq, defined analogously to (2.6). This then induces the desired morphism on pullback bundles. That this reduces to the untwisted differential Chern character locally follows by definition and local triviality of the twist. ✷ This completes our discussion of the twisted differential Chern character. The only missing ingredient is a differential refinement of theÂ-genus, which we now supply.
Remark 3 (Refinement of the A-genus). (i)
In [GS19c] , we defined such a refinement and used it to prove a Riemann-Roch theorem for differential KO-theory. Characteristic forms admit unique differential refinements (see [Bu12] 
Here products such asp 2 1 mean the Deligne-Beilinson cup productp 1 Y DBp1 , and so on. Taking the formal square root leads to the desired term appearing in (1.7).
(ii) In the formula for the Riemann-Roch theorem in [GS19c] , there is a secondary differential form that appears, which is related to the η form of [BC89] . Such forms appear in type IIA string theory in a novel way [MS04] and have been interpretated in terms of the string theory fields [Sa10] . In the full differential refinement, it will be important to include this term when taking D-brane charge. This will be discussed elsewhere.
We now give some indications for why (1.7) is the right definition. There is a pairing in twisted K-theory which induces Poincaré duality.
Case 1: X is a Spin c -manifold: Let h : X Ñ KpZ, 3q be a map representing a twist for Ktheory and let´h : X Ñ KpZ, 3q be the inverse twist. We then have a homotopy commutative diagram 
where the subscript d X indicates that we are taking the d X " dimpXq component. As is wellknown, the right square does not commute -at least, not with the usual Thom isomorphism in cohomology giving rise to the isomorphism on the bottom. By the Hirzebruch-Riemann-Roch theorem [AH59] , the correction factor to this commutativity is given by theÂ-genus, twisted by the canonical Spin c line bundle L. Thus, in the special case where X has Spin structure, the proposed correction Gpxq " ch h pxq Y bÂ pXq indeed makes the diagram commute. In fact, this is essentially the argument originally used in [MM97] to deduce the form of the anomalous coupling on the worldvolume of N coincident D-branes. Indeed, there the coupling was deduced from an anomaly inflow argument (see [CY98] ). The descent argument used to calculate the anomaly amounts to a simple application of the index theorem applied to two transversally intersecting branes with Chan-Paton bundles inherited from the corresponding branes. The argument for the square root in the formula is then just that one seeks a pair of forms whose wedge product is the calculated anomaly.
Case 2: X does not admit Spin c structure: In this case one cannot even define the pushforward X ! at the level of K-theory as this requires taking the index of the Dirac operator, which is not well-defined. This is precisely the case that leads to an anomalous action [MW00] . However, the twisted Thom isomorphism allows us to deal even with this case and the above diagram is modified to
where we have used that, rationally, the twist corresponding to W 3 vanishes. Note that the top composite map can be obtained via the Künneth spectral sequence, composed with the pushforward for twisted K-theory (see [CW08] [CMW09]). From the C˚-algebra point of view this is discussed in [BMRS08] .
The machinery established in [GS19c] and [GS19b] allows us to further promote much of this discussion to the differential case. We avoid the case where the twist coincides with a differential refinement of W 3 , since the twisted Thom isomorphism is no longer presented by the tensor product with the virtual spinor bundle, and hence one could argue that theÂ genus should be modified from the original formula (we expect that this is not the case though). We will discuss this elsewhere.
In [GS19c] , we defined the differentially refinedÂ-genus 5 and discussed a Riemann-Roch formula. The main theorem asserts that if f : pX, gq Ñ pY, hq is a smooth map between manifolds Riemannian manifolds, then
for some odd differential form η, which is related to the η-form of [BC89] . Given that we have a differential Riemann-Roch theorem at our disposal, along with a twisted differential Chern character, the same argument as in the topological case then shows that for an RR-fieldx in twisted differential K-theory, its charge p Gpxq should be given by expression (1.7). This is our proposal for the correct differential cohomological description of the RR fields.
3 Lifting RR forms
RR forms arising from differential K-theory
In what follows, we have in mind dimpXq " 10, although many of the statements hold in greater generality. In [MW00] , it was proposed that not just RR charge, but also the RR fields themselves should be regarded as K-theory classes. More precisely, in the case where H 3 " 0, we ought to have expression (1.4) for some class x P KpXq. In [MW00] , some simple examples were considered witĥ ApXq " 1 which illustrate that, for instance, the fields G 4 and G 6 are not unrelated, but rather that the class of G 4 has an effect on the periods of G 6 (which are not integral in general). More precisely, if Sq 2 pG 4 q " 0 (and G 2 " 0), then G 6 necessarily has integral periods. If Sq 2 pG 4 q ‰ 0, it only has half-integral periods in general. This type of effect is not isolated and we will show that our spectral sequence [GS17b] [GS19a] gives a complete list of such conditions which determine when a differential form can be lifted to K-theory.
We now turn our attention to the question of which forms G can arise as in (1.4) . In other words, given a differential form G, when does it represent an RR-field in twisted differential K-theory. This is equivalent to finding G 1 such that
for some elementx P p KĥpXq. The formal square root can be calculated as follows. For X a 10-dimensional manifold, we haveÂ
Using the formula for the formal square root aÂ " 1`1 2Â 4``1 2Â 8´1 8Â The condition then becomes that the formal power series is in the image of the Chern character map. The goal for the remainder of this section will be to calculate the image of the Chern character purely in terms of conditions in cohomology. In other, words, we seek necessary and sufficient conditions on G 1 so that its components lift through the Chern character to differential K-theory. To do this, we will utilize the AHSS developed in [GS17b] . We first review the necessary material.
The AHSS for topological K-theory has E 2 -page whose groups are given by cohomology with integral coefficients appearing periodically in the the degree indexing π q pKq. More precisely, we have E p,q 2 " 0 is q is odd and E p,q 2 " H p pX; Zq if q is even. By degree considerations d 2 " 0 and the the first nonvanishing differential d 3 is given by the formula [Ro89] [AS06]
where Sq 3 Z is the composite operation βSq 2 ρ 2 , and β : H p pX; Z{2q Ñ H p`1 pX; Zq is the Bockstein homomorphism associated to the mod 2 reduction sequence.
The AHSS for differential K-theory [GS17b] [GS19a] shares some similarities with its topological counterpart with two crucial distinctions. The E 0,0 2 -entry of the spectral sequence is singled out as containing the geometric information given by differential forms. In fact, E 0,0 2 " Ω even Z,cl pXq whose elements are formal combinations of closed differential forms ω " ω 0`ω2`. . . with ω 0 P Z and ω p has degree p. There is also a difference in coefficients for the other terms on the E 2 -page (from Z to U p1q) and a shift in the degree indexed by q. This shift is essentially due to the shift from the Bockstein homomorphism H p pX; U p1qq Ñ H p`1 pX; Zq associated to the exponential sequence and the permanent cycles at these stages correspond to the torsion information in differential K-theory. Summarizing, the E 2 -page looks as follows: where j : H p pX; Z{2q Ñ H p pX; U p1qq is the inclusion as the 2-roots of unity and β U p1q is the Bockstein associated to the exponential sequence. The hat notation for the above operation is justified by the fact that this operation is the restriction of the only natural operation in differential cohomology which refines the second Steenrod square [GS18a] . In general, we have the following two types of differentials in the spectral sequence [GS17b] (i) (Obstructions associated to curvature forms): Those give obstructions for the curvature forms to lift to differential K-theory and are of the form 
emanating from the entries E p,´2q`1 2k`1 , with q ě 0.
We will need identifications of both types of differentials to get a good understanding of the spectral sequence. We now proceed with this identification. In the topological case, it was shown in [Bu69] [Bu70] that we have the following differentials in the AHSS for topological K-theory restricted to the p-primary part of H˚pX; Zq. The notation d p n denotes the p-primary part of the differential d n : Proposition 5 (Torsion differentials in the { AHSS). We have the following p-primary parts of the differentials in the AHSS for p K, occurring in the lower quadrant of the half-plane spectral sequence for p K.
where η p ‰ 0 mod p and j p : H k pX; Z{pq ãÑ H k pX; U p1qq is the induced by the inclusion as the primitive p-roots of unity.
Proof. The connecting map K˚´1 U p1q pXq Ñ K˚pXq in the exponential exact sequence for K-theory with coefficients induces a morphism of spectral sequences. This morphism vanishes by degree considerations. In such a situation, there is a well-defined boundary morphism of spectral sequences and the argument in [GS17b] shows that the Bockstein homomorphism in cohomology β U p1q : H˚pX; U p1qq Ñ H˚`1pX; Zq commutes with the differentials in the AHSS. From the identification (3.4) and the relation β U p1q j p " β p , the claim follows. ✷ Since P n pxq " 0 for 2n ą degpxq, Sq n pxq " 0 for n ą degpxq and H k pX; U p1qq " 0 for k ą 10, we see that there is only a total of only three differentials in Proposition 5 which need not vanish. These are
At the level of cohomology, these act by
where the arrows indicate the first nonvanishing occurrence of the operations, and other operations are right-translates. The differentials identified above provide information on the torsion in p K and also constrain the permanent cycles in E 0,0 8 . However, in order to have a truly satisfactory condition for differential forms to lift to p K, we really need to identify the differentials of type (3.2). Since these differentials are completely responsible for calculating the image of the Chern character, it is not surprising that they are very rich and combine the geometry and topology of the manifold in a non-trivial way. As a consequence, the formulas for the differentials can be difficult to parse, and some explanation leading up to the identification is in order.
For a prime p, we can speak of the p-primary part of the differential pd 0,0 n q p as the part of the differential which factors through the inclusion H n pX; Z{pq ãÑ H n pX; U p1qq as the primitive p-roots of unity. By convention, we take p " 0 to be the part of the differential which factors through the exponential exp : H n pX; Rq Ñ H n pX; U p1qq. The primes p will be responsible for shifted quantization condition of the form ż
with λ some differential form, r ą 1 an integer and C a cycle in spacetime. As we show below, the differentials take the form d " Cohomology operation`Exponential of differential form.
The cohomology operations in the formula are only defined on the kernel of the previous differentials and are a combination of Steenrod squares and powers. These terms contribute to the p-primary part of d, with p ‰ 8 and thus are responsible for shifting the usual quantization. We are now ready to identify the differentials. In what follows, we only consider the differentials (3.2) and we drop the superscript indicating the bidegree.
Proposition 6 (Degree two). The differential d 2 is given by
Proof. First observe that every exact form lifts to p K. Indeed, as part of the data of the differential refinement, there is a canonical map a : Ω odd pXq{impdq Ñ p K which makes the diagram
commute. Thus, for any exact even form ω with global potential dη " ω, the class apηq defines a refinement of ω. Thus, the differential d 2 factors through H even pX; Rq and thus defined a natural transformation of functors d 2 : H even p´; Rq Ñ H 2 p´; U p1qq. Now H even p´; Rq is representable by the product of Eilenberg-MacLane spaces ś nPN KpR; 2nq and standard arguments in homotopy theory show that the d 2 must be the projection onto H 2 followed by a map λ : H 2 pX; Rq Ñ H 2 pX; U p1qq, where λ : x Ñ λx mod Z, with λ P R. From the identification ch 1 " c 1 , an integral class, one immediately sees that λ " 1 and d 2 is as claimed. ✷ Proposition 7 (Degree four). The differential d 4 is given by d 4 pωq " prω 4 s mod Zq`j 2 Sq 2 ρ 2 px 2 q , where x 2 is an integral class representing ω 2 P kerpd 2 q " H 2 pX; Zq X H 2 pX; Rq.
Proof. First observe that the differential d 4 is not only natural with respect to smooth maps f : X Ñ Y between manifolds, but in fact d 4 pf˚ωq only depends on the underlying homotopy class of f . Indeed, since exact forms are necessarily killed by the differential, it must factors through the cohomology group H eveně2 pX; Rq. A straightforward argument similar to that in Proposition 6 shows that the restriction of d 4 to H eveně4 pX; Rq is sends ω Þ Ñ rω 4 s mod Z. We need only identify the restriction to kerpd 2 q X H 2 pX; Rq. where j 2 pSq 2 q is a natural operation, well-defined modulo the image of d 3 , which restricts on the classes ω 4 P H 4 pX; Zq X H 4 pX; Rq to j 2 Sq 2 ρ 2 px 4 q with x 4 an integral lift of ω 4 .
Proof. As before, it is straightforward to show that the restriction of d 6 to H evenď6 pX; Rq sends ω Þ Ñ rω 6 s mod Z. We focus our attention on the restriction to kerpd 4 q X H 2 pX; Rq ' H 4 pX; Rq. Again, we proceed by universal example. Consider the 2-stage Postnikov tower
with d 4 identified as in Proposition 7. The E 2 -page of the Serre spectral sequence for the above fibration (with U p1q-coefficients) can be identified in the relevant part as follows
with u generating H 2 pKpZ, 2q; Rq as a vector space, hence H 2 pKpZ, 2q; U p1qq modulo Z, and v generating H 4 pKpR, 4q; U p1qq. The terms on the diagonal with bidegrees pp, 6´pq converge to H 6 pX 2 ; U p1qq and clearly both j 2 Sq 2 ρ 2 β U p1q and j 2 Sq 2 ρ 2 β U p1q survive to the E 8 -page. We conclude that H 6 pX 2 ; U p1qq is generated by p˚j 3 P 1 ρ 3 and j 2 Sq 2 with i˚j 2 Sq 2 " j 2 Sq 2 ρ 2 β U p1q . Through a sequence of surgeries, we can approximate X 2 be a sufficiently connected map f : M Ñ X 2 , with M a finite-dimensional smooth manifold. Furthermore, since X 2 represents the universal space for which d 2 and d 4 vanish, it follows that d 6 pωq " prω 6 s mod Zq`λj 3 P 1 px 2 q`δj 2 pSq 2 qpω 4 q (3.5)
with λ " 0, 1, 2 and δ " 0, 1. It remains only to show that the restriction to H 4 pX; Zq X H 4 pX; Rq agrees with j 2 Sq 2 ρ 2 and that λ " δ " 1. For the former, observe that the component d 4 pωq " rω 4 s mod Z vanishes on this restriction. Hence, for such classes we can restrict to the fiber X 1 2 of j 2 Sq 2 ρ 2 : KpZ, 2q Ñ KpU p1q, 4q. Again computing via the Serre spectral sequence one easily sees that k˚pj 2 Sq 2 q " j 2 Sq 2 ρ 2 , where k : X 1 2 Ñ X 2 is the canonical map. To show that λ " δ " 1, it suffices to consider the example CP N . The canonical line bundle L Ñ CP N has ch 3 pLq " Hence, δ " 1 mod 2 and λ " 1 mod 3. ✷
The following condition gives the shifted quantization law for G 6 in the general case.
Corollary 9 (Shifted quantization for G 6 ). On an arbitrary manifold X, an RR-field G 6 necessarily has periods in Example 1 (Even spheres). Let X " S 2n . Then the only relevant nontrivial differential on forms in the AHSS is
Hence ch n is the component of a Chern-character if and only if ch n has integral periods. Hence, in particular, for any line bundle 1 n! c n 1 is integral. Example 2 (Complex projective spaces). Let X " CP n . The first Chern class of the canonical line bundle L Ñ CP n generates H 2 pCP n ; Zq and, moreover, c n 1 generates H 2n pCP n ; Zq. Thus, the degree 2k component of the Chern character Hence, in particular ch 2 has only half integral periods. This is consistent with the fact that for the canonical line bundle L, the class it follows that j 3 pc 3 1 q " expp 
Example 3 (Spin c 4-manifolds). Let M be a 4-dimensional manifold with Spin c structure and let λ " c 1 pLq, with L Ñ M the canonical line bundle associated to the structure. Let E be any complex vector bundle on M . Then chpE b Lq " chpEq^chpLq " chpEq`pr`c 1 pEqqλ with r P Z the rank of E Ñ M . Hence chpE b L´Eq " pr`c 1 pEqqλ . Now chpE b L´Eq 4 must be killed by d 4 , since it is the Chern character of a virtual bundle. Hence, we must have c 1 pEqλ " j 2 Sq 2 ρ 2 c 1 pEq mod Z, which recovers the well-known relation ν 2 " w 2 " λ mod 2. Clearly, λ depends on the choice of Spin c structure. It defines a characteristic element of the bilinear pairing on H 2 pM ; Zq, defined by the cup product, i.e., ż
The associated quadratic refinement of the intersection pairing has been studied in many places, for instance Atiyah [At71] in his work on Riemann surfaces. In [HS05] , a higher dimensional analogue of this pairing was used in the construction of the fivebrane partition function.
Remark 4 (Novel quantization conditions). Interestingly, the machinery of our AHSS provides a way to determine the quantization condition on the fields G 2k purely in cohomology. This addresses a key point made in [MW00] , where it is assumed that such conditions would be nearly impossible to determine purely in cohomology. While this certainly seems to be the case without any reference to K-theory, the spectral sequence uses the differential K-theoretic interpretation as a starting point and interprets the quantization conditions in cohomology as an obstruction to lifting a form to differential K-theory. The differentials in the AHSS precisely measure the obstruction to lifting.
The following is then a direct consequence of the identification of the differentials in the AHSS.
Proposition 10 (Algorithm for detecting RR-fields). Let
be a formal combination of forms on spacetime X. Then the following provide necessary and sufficient conditions on the components G 2k , with k ď 3 so that G 2k lifts to differential K-theory.
2 " G 2 , we have the condition rG 2 s " 0 mod Z so that G 2 has integral periods.
for some class x 2 P H 2 pX; Zq which defines an integral lift of rG 2 s.
4. For G 1 6 " G 6`1 48 p 1^G2 , we must have
for some x 4 P kerpd 4 q ' TorpH 4 pX; Zqq and x 2 P H 2 pX; Zq, where the x 4 and x 2 rationalize to rG 4 s and rG 2 s, respectively. In particular, it is sufficient that prG 1 6 s mod Zq " j 2 Sq 2 px 4 q´j 3 P 1 3 ρ 3 px 2 q with x 4 P H 4 pX; Zq and x 2 P H 2 pX; Zq.
The algorithm can in principle be extended to G 8 and G 10 , but the expressions would become very complicated.
RR forms arising from twisted differential K-theory
We now consider the twisted case. The first differential d 3 in the twisted AHSS for twisted K-theory is given by the formula [Ro89] [AS06]
where λ is an integer which a priori needed to be determined. To compute this integer, it is sufficient to consider the spectral sequence on the sphere S 3 , where one computes λ "´1 (see [AS06] ). To our knowledge, this is the only differential which is identified explicitly in the twisted case. However, Atiyah and Segal [AS06] also showed that the higher differentials d 5 , d 7 ,¨¨¨in the AHSS for twisted K-theory are nontrivial even rationally, and are given by Massey products. In order to work with smooth manifolds, it is easier to take real coefficients, i.e., work over R, in which case differential forms can be used as chains.
Working with twisted K-theory over R, i.e. essentially periodic twisted cohomology, the iterated Massey products with the twist H 3 gives (up to sign) all the higher differentials in the tAHSS for twisted cohomology [AS06] d 2i`1 pxq "´x rH 3 s,¨¨¨, rH 3 s loooooooomoooooooon i times , xy .
1. The class in the E 4 -page is given by the triple Massey product xH 3 , H 3 , x n y, where H 3 is the twisting cohomology class and x n is the dimension n class under consideration. Since
where H 3^xn " dy n`2 . This operation corresponds to the differential
2. Next, when xH 3 , H 3 , x n y " 0, i.e., xH 3 , H 3 , x n y " dz n`4 modulo multiples of H 3 , then the next step gives the quadruple Massey product
on the E 6 -page.
Example 4 (Dynamics of twisted RR fields via Massey products). We consider the RamondRamond (RR) fields F i , twisted by the NS field H 3 . We start with a class corresponding to a specific degree, so that x n is identified with the class of F n , and we will use the latter as notation. Then we have
where
which is the correct equation of motion/Bianchi identity for the fields. This is the differential d 5 in the twisted AHSS. Note that because H 3 is closed odd form, and due to equation (3.8), we have the closedness of the Massey triple product, i.e., dxH 3 , H 3 , F n y " 0. Next, if we trivialize the triple Massey product, i.e., take F n`2^H3 " dF n`4 , which is the correct dynamics in the next level up in RR degrees, then we can form the quadruple Massey product
This is the differential d 7 in the twisted AHSS. Note, again, that because H 3 is closed odd degree form and due to (3.9) we have the closedness of the Massey quadruple product, i.e., dxH 3 , H 3 , H 3 , F n y " 0. We can continue in this fashion until we exhaust the possible degrees allowed by our dimension, in this case 10. So if we do not trivialize simply by being above dimension 10, then we could start with a degree 2 RR field F 2 and form a quadruple Massey product, leading to F 6 , and so on.
The above example could be viewed as the cohomological counterpart to the homological arguments for modelling the twisted AHSS, given in [MMS01] . We now consider cohomological trivializations of the Massey product, i.e., find the corresponding potentials.
Example 5 (Massey potentials for twisted RR fields). Let F " F 2`F4`F6`F8 be the inhomogeneous RR form fields with dF 2 " 0 (in the absence of F 0 , i.e., no cosmological constant), so that F 2 represents a cohomology class. Even though classically the class rF 2 s is annihilated for dimension reasons by the bare differential Sq 3 (when working integrally), the class is still acted upon nontrivially by operations arising from the twist. The expressions G " pd´H 3^q F " G 3`G5`G7`G9 splits into the expressions
Then the class rG 5 s "´rH 3 s Y rF 2 s represents d 3 rF 2 s, so that the differential d 3 in the tAHSS is just multiplication by H 3 . If rH 3^F2 s " 0, so that H 3^F2 " dF 4 then this makes G 5 " 0. Then G 7 " dF 6´H3^F4 represents d 5 rF 2 s given by the triple Massey product
Continuing in a similar fashion, we see that
and so on.
Remark 5. (i)
In the above examples we could have taken our starting point any of the fields F i . However, we choose to start with the lowest term F 2 to illustrate that all the fields can be accounted for via a physical modelling of the differentials of the tAHSS. Furthermore, the ring of invariants identified in [AS06, Prop. 8.8] (see [BM06b] for an explicit list) will contain the class F 2 in every relevant degree.
(ii) The fact that there are no odd (rational) characteristic classes for twisted K-theory aside from the twisting class ([AS06, Sec. 8]) is compatible with the fact that the fields in type IIA string theory, classified by K 0 pX; H 3 q, are all of even degree.
(iii) The above examples have counterparts in type IIB string theory, where the RR fields are of odd degrees. Here we start with F 1 and generate all the other fields similarly. Again, the ring of invariants will involve F 1 in all relevant degrees.
We now would like to find the relationship between the Massey products on the higher differentials in the spectral sequence for twisted differential K-theory. As in [AS06] , we need to work rationally. For twisted differential K-theory, the correct replacement is twisted differential periodic rational cohomology p Hh pX; Qru, u´1sq (see [GS18b] [GS19b]), where we regard the twistĥ : X Ñ B 2 U p1q ∇ as a twist for periodic rational cohomology via the canonical map B 2 U p1q ∇ Ñ B 2 R{Q ∇ . 7 In [GS17a] we established the basic theory of differential Massey products. Algebraically, these products end up behaving exactly as their classical counterparts -one simply replaces the wedge product with the Deligne-Beilinson cup product operation Y DB .
Example 6 (Differential Massey products). Letĥ : X Ñ B 2 R{Q ∇ be a cocycle in (rational) Deligne cohomology refining H and letx : X Ñ B p´1 R{Q ∇ be a cocycle. Suppose there isŷ : Xˆ∆r1s Ñ B p`2 R{Q ∇ such that Dpŷq "ĥ Y DBx , where D " d`p´1q p`1 δ is theČech-Deligne differential. By graded commutativity, 2ĥ Y DBĥ " 0 and since we are working over Q, this impliesĥ Y DBĥ " 0.
Then we can form the cochainŷ
10)
7 The latter stack can be presented via the Dold-Kan correspondence by the complex
i.e., simply replace Z by Q in the Deligne complex.
representing an element in π 1 MappX, B This example indicates that the differential Massey products always represent flat differential cohomology classes, and in fact this is the case [GS17a] . Thus, we can always restrict these operations to flat classes (cohomology with either R{Z or R{Q coefficients) and these restrictions are the operations appearing as the differentials in the AHSS.
The E 2 -page of the AHSS for twisted differential K-theory looks identical to the untwisted case with one exception. In the twisted case, we have E 0,0 2 " Ω even Z,d H -cl pXq, the group of twisted closed forms of even degree with degree zero component ω 0 P Z (see [GS19b] for details). The following proposition was proved in [GS17b] .
Proposition 11 (Higher differentials in twisted differential K-theory). Let p h : X Ñ B 2 U p1q ∇ be a twist for differential K-theory, regarded as a twist for periodic rational cohomology via the differential Chern character map (see Prop. 4). Then the differentials d 2p`1 can be identified with the differential Massey product operation
,´y .
Remark 6 (Rational vs. non-rational differentials). Non-rationally, there is not much we can say, since these differentials have not been identified even in the topological case. In parallel to the topological case, we do however have the identification
for q ą 0, where x Sq 3 is the again the operation jSq 2 ρ 2 β as before.
As in the untwisted case, the differentials in the AHSS split into two types (cf. (3.2) and (3.3)). The flat differentials, which we have identified rationally in Prop. 11 and differentials of the form
In [GS19b] we showed that for p be an even integer, the differential d 0,0 p take the form
where ΩQ ,d H -cl pXq is the subgroup of twisted closed forms with degree zero term ω 0 given by a constant function taking values in Q. Moreover, the differential d p maps a twisted closed form of the type ω " 0`0`. . .`ω p`ωp`2`. . . to the class of the leading term ω p , modulo Q, i.e.,
More generally, for twisted differential cohomology, we find the following.
Proposition 12 (Lifting flat classes to twisted differential K-theory). A necessary condition for lifting a flat differential cohomology classx P p H i pM ; Zq is the vanishing of the action of the differential in the AHSS on that class. That is,
Recall that, by definition, x Sq 3 " j 2 Sq 2 ρ 2 β U p1q . We can define a differential refinement of the 3rd integral Steifel-Whitney class W 3 by setting
which defines a flat differential cohomology class refining W 3 . For X an oriented 10-manifold and x P p H 7 pX; Zq a flat differential cohomology class, the Wu formula implies that
Note also that the cup product x W 3 Y DBx is invariant under the variation x W 3 Þ Ñ x W 3`α , with α P J 2 pXq " H 2 pX; Rq{H 2 pX; Zq the intermediate Jacobian. Thus, we might as well assume x W 3 is an arbitrary differential refinement of W 3 with vanishing curvature.
Anomalies
We now explain how to refine the Freed-Witten anomaly [FW99] to the differential setting and relate to the above constructions. Recall that in [FW99] , it was shown that the Pfaffian of the Dirac operator on the worldsheet of the string Σ Ñ X, with boundary landing on an oriented submanifold Q ãÑ X, is in general not well-defined as a function but only as a section of a line bundle on the space of parameters. This line bundle carries a natural metric and flat connection, but the holonomy of this flat connection is in general nontrivial and is equal to˘1, determined by the second Stiefel-Whitney class w 2 pQq.
When the B-field vanishes, the relevant factors in the worldsheet path integral are pfaffpDq¨exp´i ¿ BΣ A¯, (3.12) where A is the U p1q-"gauge field" on Q. In general, we have the additional contribution of the B-field pfaffpDq¨exp´i
In [FW99] is was argued that A is not a true gauge field in general, as the curvature may not have integral periods. In fact, in order to cancel the anomaly from the Pfaffian, it is necessary for dA " F to have half-integral periods 8 so that its exponential in (3.12) is allowed to change sign precisely whenever the Pfaffian does.
In the full differential refinement, the B-field is modeled not just by a differential form, but by a full U p1q-gerbe with connection. The existence of the gerbeĥ 3 : X Ñ B 2 U p1q ∇ allows us to define a twisted differential Spin c -structure, in the sense of [SSS12] , which generalizes the notion of a twisted Spin c structure [Do06] [Wa06]. In particular, for an oriented submanifold i : Q ãÑ X (to be thought of as a D-brane worldvolume), the moduli space of such structures on Q can be identified with the space of sections of the pullback (see [FSSt12] 
and this pullback depends on a preferred choice of x W 3 , refining W 3 . Our goal is to show the following Proposition 13 (Differential refinement of the Freed-Witten anomaly). A choice of closed differential 2-form F on Q determines a flat U p1q-gerbe with connection refining W 3 on Q. Moreover, taking F the curvature of A and the corresponding refinement of W 3 in diagram (3.14), the obstruction to making the quantity (3.13) well-defined is precisely the existence of a twisted differential Spin c structure. More succinctly, we have the refinement of the Freed-Witten anomaly cancellation
The original Freed-Witten anomaly cancellation mechanism says that when W 3`h3 " 0, there is a choice of U p1q-"gauge field" on Q for which the potentially anomalous term (3.13) is well-defined, but if one is given such a field a-priori, this choice may not agree with the given field. Thus the difference between our anomaly cancellation and the original Freed-Witten anomaly is the specific choice of field F, which should be identified with the curvature of the U p1q-"gauge field".
Note that every 2-form defines a flat refinement of W 3 . Indeed, the group of differential refinements of a topological torsion class in H 3 pQ; Zq with vanishing curvature is a torsor for H 2 pQ; Rq{H 2 pQ; Zq. Let w 2 pQq denote the second Stiefel -Whitney class. Since β U p1q j 2 w 2 pQq " β 2 w 2 pQq " W 3 pQq , it follows that j 2 w 2 pQq defines a refinement of W 3 pQq. Hence if j : H 2 pQ; U p1qq ãÑ p H 3 pQ; Zq is the canonical map identifying flat classes with U p1q-cohomology classes, we see that every refinement of W 3 can indeed be written
Now, for simplicity, let us first consider the caseĥ 3 " 0 so that such a structure reduces to a differential Spin c -structure. This, in particular, defines a topological Spin c structure and hence we can consider the canonical line bundle L associated to the Spin c structure. The vanishing of the class (3.15) means that the mod 2 reduction of c 1 pLq can be obtained through the exponential of a 2-form F, which necessarily has half integral periods (i.e. its exponential lands in Z{2 ãÑ U p1q). If we let F be the curvature of the A-field, then this indeed implies that the sign ambiguity in (3.12) is cancelled by the ambiguity in the holonomy, arising from F having only half integral periods.
More geometrically, the cancellation of (3.12) can be obtained from a choice of connection on L. Indeed, such a connection determines a differential refinementĉ 1 pLq P p H 2 pQ; and the identify ρ 2 c 1 pLq " w 2 pQq, one sees immediately that if F is the curvature of L, then taking 1 2 F in (3.15) implies x W 3 " 0. In this case, the differential Spin c structure is defined completely by a choice of connection on L. In the more general case whenĥ 3 ‰ 0, identifying B with the connection of the gerbe defined byĥ 3 shows that the condition
is precisely what is needed to make (3.13) well-defined.
Remark 7 (A consequence of differential refinement). Another advantage of the full refinement of the Freed-Witten anomaly is that it gives a precise geometric meaning to the A-field, even when it cannot be globally identified with a U p1q-gauge field. It can be identified with a choice of differential refinement of W 3 with vanishing curvature.
Explicit classification of RR fields in traditional backgrounds
Twisted differential K-theory of spheres
Spheres are important compactification spaces for string theory when considering background fluxes. We have already considered integrality conditions for (even) spheres and projective spaces in Example 1 and Example 2. Here we consider RR fields on the 3-sphere S 3 , using the careful calculations in [GS19a] , which generalize to differential twisted K-theory the corresponding twisted Ktheory calculations of the Lie group SUp2q
This was also studied in [CMW09] using index and group theoretic methods.
Let h : S 3 Ñ KpZ, 3q be a map representing an element (which we also denote by h) in integral cohomology H 3 pS 3 ; Zq -Z and denote the corresponding twisted K-theory on S 3 by Kh pS 3 q. Note that the map h can be refined to a gerbe with connection p h : S 3 Ñ B 2 U p1q ∇ , whose curvature form is H. Now we consider pΩ˚ru, u´1s, d H q, the sheaf of periodic, H-twisted de Rham complex on S 3 , with differential d`H^p´q. Thus, the triple p Kĥ :" pK h , ch, pΩ˚ru, u´1s, d Hgives the data of a differential refinement of the h-twisted K-theory spectrum, and we denote the underlying theory by p Kh pS 3 q.
The calculations via the Mayer-Vietoris sequence or the twisted differential AHSS [GS19a] give the following.
Example 7 (RR fields in type IIA on the 3-sphere). Letĥ : S 3 Ñ B 2 U p1q ∇ be a differential twist as a gerbe with connection. Recall (see Remark 6) that we identified the differential on the E 3 -page
For the 3-sphere, the U p1q-cohomology is calculated from the exponential sequence as H 2 pS 3 ; U p1qq -0 and H 3 pS 3 ; U p1qq -U p1q.
Then for p K 0 we see that all relevant differentials must vanish and the spectral sequence collapses at the E 2 -page in Diagram (3.1). There is no extension problem in this case, and we have the isomorphism p K 0 pS 3 ;ĥq -pΩ even pS 3 q, d H q cl -Ω 2 pS 3 q cl .
This means that the RR fields in type IIA string theory on S 3 are classified by closed 2-forms on the 3-sphere, an instance of which would be a flat abelian 2-gerbe connection.
Example 8 (RR fields in type IIB on the 3-sphere). For p K 1 , we need to calculate the kernel of the differential d 3 as the map d 3 : U p1q ÝÑ U p1q -H 3 pS 3 ; U p1qq.
For degree reasons, the refined integral Steenrod square x Sq 3 Z vanishes on U p1q, which reduces the task to finding the kernel ofĥ. The formula for the Deligne-Beilinson cup product Y DB sends an element in U p1q, written in complex form as e 2πiθ , to the element e 2πihθ , where h is the integer representing the underlying topological twist. Hence the kernel can be identified with the h-roots of unity, which as an abelian group is isomorphic to Z{hZ. Furthermore, for degree reasons, there are no nontrivial differentials out of the term pΩ˚pS 3 q, d H q cl . In this case, there is no extension problem and we arrive at the isomorphism
In particular, this identification shows that every twisted closed odd RR form lifts to p K 1 .
The (twisted) differential K-theory of tori
Tori play an important role in (flat) compactifications of string theory. We begin with some preliminary computations which describe special instances of the RR fields.
Lemma 14 (RR fields on the k-torus T k ). The K-theory of the T k is given by
Z px 1 , x 2 , . . . , x k q and K 1 pT k q " à n Λ 2n`1 Z px 1 , x 2 , . . . , x k q where the exterior algebras are taken over Z.
Proof. The cohomology of the k-torus is given by the exterior algebra H˚pT k ; Zq -Λ˚px 1 , x 2 , . . . , x k q, where x i are generators of H 1 pT k q -Z k . Since the cohomology groups contain no torsion, the AHSS degenerates at the E 2 -page and there is no extension problem. This immediately implies the claim. ✷ Note that the above also follows from applying the general results of Hodgkin [Ho67] on the K-theory of Lie groups. The following is then a direct consequence of the long exact sequence for K-theory with coefficients induced by the exponential sequence.
Lemma 17 (Flat RR fields and flat K-theory of 6-manifolds). Let M be a closed oriented 6-dimensional manifold.
(i) We have an isomorphism r K´1 U p1q pM q -Torp r K 0 pM'
where J 2i´1 pM q " H 2i´1 pM ; Rq{H 2i´1 pM ; Zq is the intermediate Jacobian and r K 0 pM q is computed as in (4.5).
(ii) If M is a Calabi-Yau threefold, then we further have r K´1 U p1q pM q - Proof. From the Bockstein sequence, we have an exact sequence r K´1 R pM q ÝÑ r K´1 U p1q pM q ÝÑ r K 0 pM q ÝÑ r K R pM q.
This gives an exact sequence r K´1 R pM q Ñ r K´1 U p1q pM q Ñ Torp r K 0 pMÑ 0, which immediately implies the first result. For the second, the Wu formula implies that Sq 2 : H 4 pM ; Z{2q Ñ H 6 pM ; Z{2q is representable by cup product with w 2 . Since any Calabi-Yau is Spin c and c 1 " 0, it follows that 0 " rc 1 " w 2 and Sq 2 vanishes. Therefore, Torp r K 0 pM-À 3 i"1 TorpH 2i pM ; Zqq by (4.1). The final identification follows from the (noncanonical) decomposition H k pM ; U p1qq -H k pM ; Rq{H k pM ; Zq ' TorpH k`1 pM ; Zqq . ✷
We now consider the fully differential case.
Proposition 18 (Geometric RR fields and differential K-theory of 6-manifolds).
(i) The differential K-theory of a compact oriented 6-dimensional manifold fits into an exact sequence Torp r K 0 pM'
where J 2i´1 pM q -H 2i´1 pM ; Rq{H 2i´1 pM ; Zq is the intermediate Jacobian. Moreover, this sequence splits, but not canonically.
(ii) Let e : H˚pM ; Rq Ñ H˚pM ; U p1qq denote the exponential map arising from coefficients. The image of the Chern character is given by Impchq" ! pch 1 , ch 2 , ch 3 q P
cl pM q | ch 1 P H 2 pM ; Zq, epch 2 q " j 2 pc 2 1 q, epch 3 q " j 2 pSq 2 pch 2 qq´j 3 pc ) .
The isomorphism identifies ch 1 , ch 2 , ch 3 , c 1 , c 2 and c 3 with the Chern characters forms and Chern classes, respectively. The torsion group is identified with torsion Chern classes and the intermediate Jacobian is identified with Chern-Simons classes.
Proof. For a 6-dimensional manifold, the fact that we have such an exact sequence follows from Lemma 17 and from the diagonal sequence in the differential cohomology diamond (2.3). It remains to calculate the image of the Chern character. For this, we apply the AHSS for differential K-theory developed in [GS17b] [GS19a]. The extension in (4.2) is precisely the final extension problem for the refined AHSS corresponding to the filtration level F 0 p KpM q :" kerpi0 : KpM q Ñ KpF 0 pČptU α uqq, where F 0 denotes the 0th level of the filtration. Thus the permanent cycles in Z ' This implies the first claim. For the splitting, fix a metric g on M and consider the corresponding Hodge decomposition on forms. The group Impchq is free abelian and defines a maximal rank lattice in À i H 2i pM ; Rq -À i harm 2i pM q. From the basic properties of Ext, one then sees that the splitting will follow provided Ext 1 pdΩ k pM q, Z{nq " 0 for any integers n, k. This is easily deduced via the injective resolution Z{n ãÑ U p1qˆn Ñ U p1q and the commutative diagram
For the Calabi-Yau case, the simplification of Impchq follows from the Wu formula and vanishing of c 1 (i.e., Sq 2 pch 2 q " 0). ✷ This immediately implies the following divisibility conditions and congruences.
